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Abstract
Two types of Grammian solutions to the nonisospectral modified Kadomtsev–Peviashvili (mKP) equation are derived with the
help of the Pfaffian derivative formulae. Starting from the Grammian solutions obtained, we construct the nonisospectral mKP
equation with self-consistent sources by applying the source generalization procedure, whose solutions can be given simultane-
ously.
© 2008 Elsevier Inc. All rights reserved.
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1. Introduction
One of essential aspects of soliton theory is searching solutions for soliton equations. Over the past decades,
many kinds of powerful methods have been proposed to find solutions, such as inverse scattering transformation [1],
Darboux transformation [2], Hirota’s bilinear method [3], Wronskian technique [4] and so on. In recent years, much
attention has been paid to the study of nonisospectral systems [5–7] and soliton equations with self-consistent sources
(SESCSs) [8–13]. Nonisospectral evolution equations are of physical and mathematical importance, which can be
used to describe solitary waves in a certain type of non-uniform media with a relaxation effect. The SESCSs have
important physical applications, particularly to problems in hydrodynamics, plasma physics, solid-state physics. The
sources can result in solitary waves moving with a non-constant velocity and therefore lead to variety of dynamics of
physical models. In the literature, above mentioned methods are applied to investigate these types of equations. For
example, Deng has investigated the nonisospectral KP equation [6] and we have discussed the nonisospectral mKdV
equation by means of the Hirota’s method and Wronskian technique [5]. Recently, Zhang and his co-workers studied
the nonisospectral soliton equations with self-consistent sources based on bilinear method [14].
Besides finding the exact solutions for soliton equations, there is another significance area in soliton theory, that
is to search for new integrable systems. Several celebrated examples of integrable systems have been found in fields
ranging from fluid dynamics, nonlinear optics, particle physics and general relativity to differential and algebraic
geometry, topology, etc. There are several approaches to search for new soliton equations. One of effective ways
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Y. Zhang, Y.-n. Lv / J. Math. Anal. Appl. 342 (2008) 534–541 535is to find integrable extensions of the known integrable systems. In a remarkable paper [15], Hirota and Ohta de-
veloped a procedure to produce new coupled systems of a original equation, namely, Pfaffianization [16,17]. Very
recently, a source generalization procedure was proposed by Hu and Wang to systematically construct and solve soli-
ton equations with self-consistent sources in bilinear forms [18–21]. This procedure is based on the expression for the
N -soliton solution of bilinear soliton equations without sources, which is a determinant or Pfaffian with some arbitrary
constants. Then generalizing the determinant or Pfaffian by replacing above constants with functions of t , and finally
to construct a new coupled bilinear equations whose solutions are these generalized determinants or Pfaffians.
Recently, starting from the spectral problem, Deng has derived the so-called nonisospectral mKP equation [22]
4ut + y
(
uxxx − 6u2ux + 6ux∂−1uy + 3∂−1uyy
)+ 2xuy − u2 + 3∂−1uy = 0, (1.1)
whose Lax pairs are
φy = φxx + 2uφx, (1.2)
4φt + y
[
4φxxx + 12uφxx + 6
(
∂−1uy
)
φx + 6uxφx + 6u2φx
]+ 2x(φxx + 2uφx) + φx = 0. (1.3)
In that letter, she derived the soliton solutions of Eq. (1.1) through Hirota method and Wronskian technique. It is
noted that for nonlinear evolution equations, besides the solution in the form of Wronskian determinant, Grammian
determinant is another type of solution representation. Grammian determinant can be rewritten as a Pfaffian and
consequently the proof of the Grammian solving the bilinear equations can easily be completed by virtue of Pfaffian
properties [7,23]. So we are interested in an important question: can Eq. (1.1) has Grammian solutions?
There are two purposes of this paper. One is to construct two types of Grammian solutions for Eq. (1.1), the other
is to derive the nonisospectral mKPESCS through the source generalization method.
The paper is organized as follows. In Section 2, we will present the Grammian solutions to the bilinear nonisospec-
tral mKP equations. Then, as an application of the source generalization method, the nonisospectral mKPESCS are
generated in Section 3. Finally, conclusions and discussions are given in Section 4.
2. Grammian solutions of the bilinear nonisospectral mKP equations
In this section, we will give the Grammian solutions of the bilinear nonisospectral mKP equations.
Under the transformation
u =
(
log
g
f
)
x
, (2.1)
Eq. (1.1) can be transformed into the bilinear forms
Dyg · f − D2xg · f = 0, (2.2)
4Dtg · f + y
(
D3xg · f + 3DxDyg · f
)+ 2xDyg · f + gxf + gfx = 0, (2.3)
where D is the well-known Hirota bilinear operator
DlxD
m
y D
n
t a · b = (∂x − ∂x′)l(∂y − ∂y′)m(∂t − ∂t ′)na(x, y, t)b(x′, y′, t ′)|x′=x,y′=y, t ′=t .
It has been shown that the bilinear nonisospectral mKP equations (2.2) and (2.3) possess solutions expressed in the
following Wronskian forms:
f =
∣∣∣∣∣∣∣∣∣
φ1 ∂φ1 · · · ∂N−1φ1
φ2 ∂φ2 · · · ∂N−1φ2
· · · · · · · · · · · ·
φN ∂φN · · · ∂N−1φN
∣∣∣∣∣∣∣∣∣
, (2.4a)
g =
∣∣∣∣∣∣∣∣∣
∂φ1 ∂2φ1 · · · ∂Nφ1
∂φ2 ∂2φ2 · · · ∂Nφ2
· · · · · · · · · · · ·
2 N
∣∣∣∣∣∣∣∣∣
, (2.4b)∂φN ∂ φN · · · ∂ φN
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φj,y = φj,xx, (2.5a)
φj,t = −yφj,xxx − 12xφj,xx −
3 − 2N
4
φj . (2.5b)
There are several ways to construct Wronskian forms. To obtain following Grammian determinants, we propose that
the entries φj are different from Ref. [22].
In what follows, we would like to construct a set of sufficient conditions which make the Grammian determinants
satisfy the bilinear nonisospectral mKP equations (2.2) and (2.3) in two different ways.
Theorem 2.1. The bilinear nonisospectral mKP equations (2.2) and (2.3) have the following Grammian determinant
solutions:
f = |A| = |aij |N×N, (2.6)
g =
∣∣∣∣A φTτ 0
∣∣∣∣
(N+1)×(N+1)
, (2.7)
where
aij = cij +
x∫
φiψj dx (i, j = 1, . . . ,N), cij = constants, (2.8)
φ = (φ1, φ2, . . . , φN), τ = (1,1, . . . ,1)1×N, (2.9)
and φi and ψj satisfy
φi,y = φi,xx, φi,t = −yφi,xxx − 12xφi,xx −
1
4
φi,x (i = 1,2, . . . ,N), (2.10a)
ψj,y = −ψj,xx, ψj,t = −yψj,xxx + 12xψj,xx +
3
4
ψj,x (j = 1,2, . . . ,N). (2.10b)
Proof. In order to prove that f and g satisfy Eqs. (2.2) and (2.3), we first express f and g as Pfaffians
f = pf (1,2, . . . ,N,N∗, . . . ,2∗,1∗)≡ pf (•), (2.11)
g = pf (α,d∗0 ,•), (2.12)
where
pf (i, j∗)= cij +
x∫
ϕiψj dx, pf (i, j) = pf
(
i∗, j∗
)= pf (α, i) = pf (α,d∗m)= 0, pf (α, j∗)= 1.
Next we introduce Pfaffians defined by
pf (d∗n, i)= ∂nφi∂xn , pf (dm, j∗)= ∂
mψj
∂xm
, (2.13a)
pf (d∗n, j∗)= pf (dn, i) = pf (dn, d∗m)= pf (dn, dm) = pf (d∗n, d∗m)= 0. (2.13b)
By virtue of the above Pfaffians and Eqs. (2.10), the following differential formulae for f and g are derived:
fx = pf
(
d0, d
∗
0 ,•
)
,
fxx = pf
(
d0, d
∗
1 ,•
)+ pf (d1, d∗0 ,•),
fy = pf
(
d0, d
∗
1 ,•
)− pf (d1, d∗0 ,•),
fxxx = pf
(
d0, d
∗
2 ,•
)+ pf (d2, d∗0 ,•)+ 2pf (d1, d∗1 ,•),
fxy = pf
(
d0, d
∗
2 ,•
)− pf (d2, d∗0 ,•),
ft = (−y)
[
pf (d2, d∗0 ,•)− pf (d1, d∗1 ,•)+ pf (d0, d∗2 ,•)]− 12x[pf (d0, d∗1 ,•)− pf (d1, d∗0 ,•)]
+ 1pf (d0, d∗0 ,•), (2.14)4
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(
α,d∗1 ,•
)
,
gxx = pf
(
α,d∗2 ,•
)+ pf (α,d∗1 , d0, d∗0 ,•),
gy = pf
(
α,d∗2 ,•
)− pf (α,d∗1 , d0, d∗0 ,•),
gxxx = pf
(
α,d∗3 ,•
)+ 2pf (α,d∗2 , d0, d∗0 ,•)− pf (α,d∗0 , d1, d∗1 ,•),
gxy = pf
(
α,d∗3 ,•
)+ pf (α,d∗0 , d1, d∗2 ,•),
gt = (−y)
[
pf (α,d∗3 ,•)− pf (α,d∗0 , d1, d∗2 ,•)− pf (α,d∗2 , d0, d∗0 ,•)]+ 12x[pf (α,d∗1 , d0, d∗0 ,•)− pf (α,d∗2 ,•)]
− 1
4
pf (α,d∗1 ,•). (2.15)
Substituting the above Pfaffians into Eqs. (2.2) and (2.3) respectively, we get the following identities:
2
[−pf (α,d∗1 , d0, d∗0 ,•)pf (•) − pf (d0, d∗1 ,•)pf (α,d∗0 ,•)+ pf (d0, d∗0 ,•)pf (α,d∗1 ,•)]≡ 0
and
6y
{[
pf (α,d∗2 , d0, d∗0 ,•)+ pf (α,d∗0 , d1, d∗1 ,•)]pf (•) + [pf (d0, d∗2 ,•)− pf (d1, d∗1 ,•)]pf (α,d∗0 ,•)
− pf (d0, d∗0 ,•)pf (α,d∗2 ,•)+ pf (d1, d∗0 ,•)pf (α,d∗1 ,•)}≡ 0,
where we have used the Pfaffian identity [16]
pf (a1, a2, a3, a4,1, . . . ,2N)pf (1, . . . ,2N)
= pf (a1, a2,1, . . . ,2N)pf (a3, a4,1, . . . ,2N) − pf (a1, a3,1, . . . ,2N)pf (a2, a4,1, . . . ,2N)
+ pf (a1, a4,1, . . . ,2N)pf (a2, a3,1, . . . ,2N). (2.16)
Thus we can confirm that f and g given by Eqs. (2.6) and (2.7) are the Grammian solutions of Eqs. (2.2) and (2.3). 
Now, let us consider another kind of Grammian solutions.
Theorem 2.2. The bilinear nonisospectral mKP equations (2.2) and (2.3) have the following Grammian determinant
solutions:
f =
∣∣∣∣cij +
x∫
φiψj dx
∣∣∣∣
1i,jN
, (2.17)
g =
∣∣∣∣cij −
x∫
φi,x
( x∫
ψj dx
)
dx
∣∣∣∣
1i,jN
, (2.18)
where φi and ψj are defined the same as Eqs. (2.10), cij are arbitrary constants.
Proof. Similar to the proof of Theorem 2.1, Eqs. (2.17) and (2.18) can be expressed by means of Pfaffians as
f = pf (•), (2.19)
g = f − pf (d−1, d∗0 ,•), (2.20)
where
pf (i, j∗)= cij +
x∫
φiψj dx, pf (i, j) = pf
(
i∗, j∗
)= 0, pf (d−1, j∗)=
x∫
ψj dx.
In the same way, Pfaffian formulae for f and g can be derived via Eqs. (2.10), (2.11) and (2.18). Substituting these
Pfaffians into Eqs. (2.2) and (2.3) respectively leads to
2
[
pf (d−1, d∗1 , d0, d∗0 ,•)pf (•) + pf (d0, d∗1 ,•)pf (d−1, d∗0 ,•)− pf (d0, d∗0 ,•)pf (d−1, d∗1 ,•)]≡ 0
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{−[pf (d−1, d∗0 , d1, d∗1 ,•)+ pf (d−1, d∗2 , d0, d∗0 ,•)]pf (•) + [pf (d1, d∗1 ,•)− pf (d0, d∗2 ,•)]pf (d−1, d∗0 ,•)
− pf (d1, d∗0 ,•)pf (d−1, d∗1 ,•)+ pf (d0, d∗0 ,•)pf (d−1, d∗2 ,•)}≡ 0.
Therefore f and g given by Eqs. (2.17) and (2.18) are also the Grammian solutions of Eqs. (2.2) and (2.3). 
3. Construction of nonisospectral mKPESCS
In Section 2, we have obtained the Grammian solutions of the bilinear nonisospectral mKP equations. Now, starting
from the Grammian solutions in Theorem 2.1, we will construct nonisospectral mKPESCS following the source
generalization procedure.
Firstly, changing solutions (2.11) and (2.12) as follows
F = |A| = |aij |N×N, (3.1)
G =
∣∣∣∣A φTτ 0
∣∣∣∣
(N+1)×(N+1)
, (3.2)
where
aij = δij +
x∫
φiψj dx,
δij =
{
δi(t), i = j, 1 i K N,
cij otherwise,
where φi , ψj , φ, τ still satisfy Eqs. (2.9) and (2.10), δi are arbitrary functions of t . Then f and g will never satisfy
Eq. (2.3). In this regard, we should introduce new functions, which are
Hi = 2
√
δi,t (t) |φT A0,i | , (3.3)
Gi = −2
√
δi,t (t)
∣∣∣∣ τAi,0
∣∣∣∣ (i = 1, . . . ,K), (3.4)
where Ai,0 and A0,j denote matrices eliminating the ith row and j th column from the matrix A respectively, δi,t de-
notes the t-derivative of δi(t).
Then, we will show that Eqs. (3.1)–(3.4) satisfy the bilinear equations
DyG · F − D2xG · F = 0, (3.5)
4DtG · F + y
(
D3xG · F + 3DxDyG · F
)+ 2xDyG · F + GxF + GFx = K∑
i=1
GiHi, (3.6)
DyF · Hi + D2xF · Hi = 0, (3.7)
DyG · Gi − D2xG · Gi = 0. (3.8)
For this purpose, representing Hi and Gi as follows
Hi = 2
√
δi,t (t)pf
(
d∗0 ,1, . . . ,N,N∗, . . . , î∗, . . . ,1∗
)≡ 2√δi,t (t)pf (d∗0 ,	), (3.9)
Gi = −2
√
δi,t (t)pf
(
α,1, . . . ,̂ i, . . . ,N,N∗, . . . ,1∗
)≡ −2√δi,t (t)pf (α, 
), (3.10)
where î and î∗ mean delete i and i∗ from pf (1,2, . . . ,N,N∗, . . . ,2∗,1∗), respectively.
By virtue of the above Pfaffians and the two sets of conditions (2.10), we come up with the following differential
formulae:
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[
pf (d2, d∗0 ,•)− pf (d1, d∗1 ,•)+ pf (d0, d∗2 ,•)]− 12x[pf (d0, d∗1 ,•)− pf (d1, d∗0 ,•)]
+ 1
4
pf (d0, d∗0 ,•)+ K∑
i=1
δi,tpf (◦),
(3.11)
Gt = (−y)
[
pf (α,d∗3 ,•)− pf (α,d∗0 , d1, d∗2 ,•)− pf (α,d∗2 , d0, d∗0 ,•)]+ 12x[pf (α,d∗1 , d0, d∗0 ,•)− pf (α,d∗2 ,•)]
− 1
4
pf (α,d∗1 ,•)+ K∑
i=1
δi,tpf
(
α,d∗0 ,◦
)
, (3.12)
and
Hi,x = 2
√
δi,t (t)pf
(
d∗1 ,	
)
,
Hi,xx = 2
√
δi,t (t)
[
pf (d∗2 ,	)+ pf (d0, d∗0 , d∗1 ,	)],
Hi,y = 2
√
δi,t (t)
[
pf (d∗2 ,	)− pf (d0, d∗0 , d∗1 ,	)], (3.13)
Gi,x = −2
√
δi,t (t)pf
(
d0, d
∗
0 , α, 

)
,
Gi,xx = −2
√
δi,t (t)
[
pf (d0, d∗1 , α, 
)+ pf (d1, d∗0 , α, 
)],
Gi,y = −2
√
δi,t (t)
[
pf (d0, d∗1 , α, 
)− pf (d1, d∗0 , α, 
)], (3.14)
where
pf (◦) ≡ pf (1, . . . , î, . . . ,N,N∗, . . . , î∗, . . . ,1∗).
From the prove of Theorem 2.1, it is obviously that Eq. (3.5) holds for Eqs. (3.1) and (3.2). So we only have to
prove that F , G, Hi and Gi satisfy Eqs. (3.6)–(3.8).
Now, we turn to proof Eq. (3.6). In Section 2, we have showed that F and G satisfy Eq. (3.6) when δij (i, j =
1, . . . ,N) are constants, so what we should do is to prove that the terms containing
√
δi,t (t) on the two sides of
Eq. (3.6) are equal. There is only the term 4DtG · F − ∑Ki=1 GiKi including √δi,t (t) in Eq. (3.6). Substituting
Eqs. (3.9)–(3.12) to 4DtG · F −∑Ki=1 GiKi leaves only the terms
4
K∑
i=1
√
δi,t (t)
[
pf (α,d∗0 ,◦)pf (•) − pf (◦)pf (α,d∗0 ,•)+ pf (α, 
)pf (d∗0 ,	)]= 0,
which is a special case of the Pfaffian identity (2.16). Thus Eqs. (3.1)–(3.4) solve Eq. (3.6).
At last, we verify Eqs. (3.7) and (3.8). Inserting Eqs. (2.14) and (3.13) to Eq. (3.7) and applying the Pfaffian
pf (a1, a2, a3,1, . . . ,2N − 1)pf (γ,1, . . . ,2N − 1)
= pf (a1,1, . . . ,2N − 1)pf (a2, a3, γ,1, . . . ,2N − 1) − pf (a2,1, . . . ,2N − 1)pf (a1, a3, γ,1, . . . ,2N − 1)
+ pf (a3,1, . . . ,2N − 1)pf (a1, a2, γ,1, . . . ,2N − 1)
yields
2
[
pf (d0, d∗1 ,•)pf (d∗0 ,	)− pf (d0, d∗0 ,•)pf (d∗1 ,	)+ pf (d0, d∗0 , d∗1 ,	)pf (•)]= 0,
which indicates Eq. (3.7) holds.
In a similar way, we can verify that Eqs. (3.2) and (3.4) satisfy Eq. (3.8). Therefore Eqs. (3.1)–(3.4) are solutions of
the bilinear equations (3.5)–(3.8). And Eqs. (3.5)–(3.8) constitute a nonisospectral mKPESCS in the bilinear forms.
If we apply the dependent variable transformations:
u =
(
log
G
F
)
x
, Φi = Hi
G
, Ψi = Gi
F
, (3.15)
the bilinear equations (3.5)–(3.8) are transformed into the nonlinear equations
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(
uxxx − 6u2ux + 6ux∂−1uy + 3∂−1uyy
)+ 2xuy − u2 + 3∂−1uy = K∑
i=1
ΦiΨi, (3.16)
Φi,y − Φi,xx − 2uΦi,x = 0, (3.17)
Ψi,y + Ψi,xx − 2uΨi,x = 0, (3.18)
which are the nonisospectral mKPESCS.
4. Conclusions and discussions
In this paper, we obtain two types of Grammian solutions to the nonisospectral mKP equation with the help of the
Pfaffian derivative formulae. Then based on the Grammian solutions obtained above, we can construct nonisospectral
mKPESCS by means of the ‘source generalization’ procedure. One of the advantages of this approach is that the
SESCSs and their soliton solutions can be generated simultaneously from this procedure. Moreover, if we let δij be
constants, then Gi and Hi become zero, so Eqs. (3.5)–(3.8) are reduced to Eqs. (2.2)–(2.3). Accordingly, nonisospec-
tral mKPESCS (3.16)–(3.18) are reduced to nonisospectral mKP equation. It should be noted that δij can also be taken
as the function of y, and we can derive another type of nonisospectral mKPESCS, which will be showed in another
letter. This procedure can adapt to soliton equations which have the determinant or Pfaffian solutions.
On the other hand, in Theorem 2.1, the conditions (2.10) could be extended as
φi,y = φi,xx, φi,t = −yφi,xxx − 12xφi,xx −
1
4
φi,x +
N∑
l=1
λilφl, (4.1)
ψj,y = −ψj,xx, ψj,t = −yψj,xxx + 12xψj,xx +
3
4
ψj,x −
N∑
k=1
λjkψk, (4.2)
where λij are arbitrary real constants. Applying this generalization, we can lead to the positon and complexiton types
of solutions to the nonisospectral mKP equation [24]. We expect to discuss it carefully elsewhere.
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